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POISSON BRACKETS IN HYDRODYNAMICS
BORIS KOLEV
Abstrat. This paper investigates dierent Poisson strutures that have been proposed
to give a Hamiltonian formulation to evolution equations issued from uid mehanis. Our
aim is to explore the main brakets whih have been proposed and to disuss the diulties
whih arise when one tries to give a rigorous meaning to these brakets. Our main interest
is in the denition of a valid and usable braket to study rotational uid ows with a free
boundary. We disuss some results whih have emerged in the literature to solve some of the
diulties that arise. It appears to the author that the main problems are still open.
1. Introdution
The aim of this paper is to present a disussion of numerous attempts to use the Hamil-
tonian formalism of lassial mehanis in hydromehanis and espeially in the study of
water waves. My motivation for this ritial review ame after a ommon work with David
Sattinger [16℄ and some disussions with Adrian Constantin about some of his work on water
waves with vortiity [10, 9℄.
The interest for this subjet goes bak to Zakharov [27℄ who showed that irrotational
gravity waves ould be given a Hamiltonian anonial struture. It was also inuened by
the suess of the Hamiltonian formulation for one dimensional evolution equations suh as
the Korteweg-de Vries equation, a theme whih has been extremely intensive in the seventies.
The Hamiltonian struture we refer to in this paper is that of general Poisson brakets
whih gives a more general framework in the sense that Hamiltonian systems an be dened
whih are not neessarily anonial. If this struture is well understood on nite dimensional
manifolds, it is not the ase for funtional spaes. These strutures have been dened at a
formal level, in the ontext of variational alulus [12, 13℄. In innite dimension, the brakets
are not dened for all smooth funtionals as it is the ase for Poisson brakets on nite
dimensional manifolds, but only for a sublass of suh funtionals. This leads therefore to
two natural questions: is the braket losed for the lass of funtionals on whih it is dened
and is the Jaobi identity
1
satised by this braket ?
It appears that until reently, these questions have not been onsidered arefully and that
Poisson brakets in funtional spaes were dened up to boundary terms as has been pointed
out by Soloviev [23℄ for instane.
It is however a fundamental question to hek that a proposed braket is a valid Hamil-
tonian struture if one intends to go further than just a formal rewriting of the equations.
To illustrate this fat I will just quote the work of Arnold [1℄ who was able to formulate a
2000 Mathematis Subjet Classiation. 53D20 53D17 37K05 37K65.
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The Jaobi identity is the fundamental equation whih must be fullled by a Poisson braket:
{{f, g }, h }+ {{g, h }, f }+ {{h, f }, g } = 0.
1
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stability theorem for plane ows using a method now known as the Energy-Casimir method.
This work relies on the existene of Casimir funtions
2
for the underlying struture.
Besides, one ould suggest that the ultimate goal of introduing Hamiltonian formalism
in hydrodynamial problems and espeially in the study of water waves would be to derive
from it new results (like e.g. Arnold's stability theorem [1℄ or some reent results on partile
trajetories [5, 6℄). To ahieve this, one annot however avoid the diult question of dening
a valid Hamiltonian struture.
This paper proposes to disuss this question with a ritial review of the main Hamiltonian
strutures whih have been proposed in the literature (up to the author's knowledge).
The ontent of the paper is as follows. In Setion 2, we review the basi material on
Poisson strutures for nite dimensional manifolds. In Setion 3, we extend these denitions
to funtional spaes and raise the main diulties whih appear when one tries to dene
valid brakets in this more general ontext. In Setion 4, we disuss Hamiltonian strutures
on the spae of smooth funtions on the irle, where things work well. Setion 5 is devoted
to Arnold's braket, a formulation of the Lie-Poisson braket for the Lie algebra of divergene
free vetor elds on a ompat domain and whih is the bakground struture for the motions
of an ideal uid with a xed boundary. Several versions of this braket are proposed and
disussed. In the nal setion, Setion 6, we disuss some brakets whih were introdued in
[17℄ to study the diult problem of uids with vortiity and free boundary. It appears that
the proposed braket is not losed.
2. Poisson brakets in finite dimension
2.1. Sympleti and Poisson manifolds. A sympleti manifold is a pair (M,ω), where
M is a smooth manifold and ω is a losed and nondegenerate 2-form on M . Suh strutures
appear naturally in mehanis (see [14℄). If N is the onguration manifold of a mehanial
system, its phase spae is the otangent bundle T ∗N and is equipped with the anonial
2-form given by: ∑
i
dpi ∧ dq
i.
Sine a sympleti form ω is nondegenerate, it indues an isomorphism TM → T ∗M . The
inverse of this isomorphism denes a skew-symmetri bilinear form P on the otangent spae
T ∗M and a skew-symmetri bilinear mapping on C∞(M), the spae of smooth funtions
f :M → R, given by
(1) {f, g } = P (df, dg), f, g ∈ C∞(M),
alled the Poisson braket of the funtions f and g. For example, when M = T ∗N is a
otangent bundle, the orresponding braket, known as the anonial braket is given by:
{f, g } =
∑
i
∂f
∂pi
∂g
∂qi
−
∂g
∂pi
∂f
∂qi
The observation that a braket like (1) ould be introdued on C∞(M) for a smooth
manifold M , without the use of a sympleti form, leads to the general notion of a Poisson
struture.
2
A Casimir funtion is a smooth funtion whose braket with every over smooth funtion vanishes.
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Denition 2.1. A Poisson struture on a smooth manifold M is a skew-symmetri bilinear
mapping (f, g) 7→ {f, g } on the spae C∞(M), whih satises the Jaobi identity
(2) {{f, g }, h }+ {{g, h }, f }+ {{h, f }, g } = 0,
as well as the Leibnitz identity
(3) {f, gh } = {f, g }h+ g{f, h }.
Eah Poisson braket {, } orresponds to a smooth eld P of bivetors, alled the Poisson
bivetor of (M, {, }) and suh that
{f, g } = P (df, dg),
for all f, g ∈ C∞(M). The Jaobi identity implies that the bivetor eld P must satisfy a
ertain ondition, namely that [P, P ] = 0, where [ , ] is the Shouten-Nijenhuis braket3.
The Hamiltonian vetor eld of a smooth funtion f on M is dened by
Xf = P df
so that {f, h } = Xh · f . The Jaobi ondition on P insures that
X{f,g } = −[Xf , Xg]
as in the sympleti ase.
A Casimir funtion is a smooth funtion C on M suh that
{C, f } = 0, ∀f ∈ C∞(M).
These funtions play an important role in the study of the stability of equilibrium of Hamil-
tonian vetor elds. Notie that in the sympleti ase, the only Casimir funtions are the
onstants.
2.2. Poisson redution. Let us now explain how these Poisson strutures appear naturally
in mehanis. Let N the onguration manifold of a mehanial system and M = T ∗N its
orresponding phase spae. It often happens that the system has some symmetries repre-
sented by the (left) ation of a Lie group G on N . This ation lifts to a sympleti ation
of G on M = T ∗N , that is eah dieomorphism indued by an element g ∈ G is a anonial
transformation of M = T ∗N . If the group G ats freely and properly on M , the redued
phase spae M/G is a manifold and we may ask whih struture from M is inherited by the
quotient spae M/G.
For that purpose, let pi : M → M/G be the anonial projetion. Notie that ker pi′(x) is
the tangent spae to the G-orbit through x. Let ω be a 2-form on M , P a bivetor eld on
M and reall the following riterions
(1) There exists a bivetor eld P¯ on M/G suh that pi′ ◦ P = P¯ ◦ pi if and only if
(g∗P )(x)− P (x) ∈ ker pi′(x)
for eah point x ∈M .
(2) There exists a 2-form ω¯ on M/G suh that pi∗ω¯ = ω if and only if
g∗ω = ω and iXω = 0
for eah vetor X ∈ ker pi′.
3
The Shouten-Nijenhuis braket is an extension of the Lie braket of vetor elds to skew-symmetri
multivetor elds, see [26℄.
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Notie that, unless G is a disrete group, the seond ondition on ω is never satised and
hene the sympleti struture on M = T ∗N annot get down to M/G. However, ondition
(1) is fullled by the Poisson bivetor P of any Poisson struture on M invariant under
G, and leads naturally to the existene of a redued Poisson struture on M/G suh that
pi :M → M/G is a Poisson map, i.e. suh that
{f ◦ pi, g ◦ pi } = {f, g } ◦ pi
for all f, g ∈ C∞(M/G). This proess is known as the Poisson redution [18℄.
2.2.1. Lie-Poisson struture. The main illustration of this redution proess leads to the Lie-
Poisson braket. Let G be a Lie group and g its Lie algebra. The left ation on G lift to a
sympleti ation on T ∗G ≃ G× g∗ (equipped with the anonial sympleti struture) and
indues a Poisson struture on T ∗G/G ≃ g∗ given by
(4) {f, g }(m) = −m([dmf, dmg])
for m ∈ g∗ and f, g ∈ C∞(g∗)4. The orresponding Poisson bivetor P is given by
Pm(df, dg) = ad
∗
dfm(dg)
where ad∗ is the oadjoint ation of g on g∗.
2.2.2. Euler equation. The Lie-Poisson struture is the framework for the evolution equa-
tion known as the Euler equation on a Lie group G. Consider a one-sided (left or right)
invariant Riemannian metri < ·, · > on G. The geodesi ow orresponds to the ow of the
Hamiltonian vetor eld on T ∗G equipped with the anonial struture and Hamiltonian
H(Xg) =
1
2
< Xg, Xg >g, Xg ∈ T
∗G.
The redued Hamiltonian funtion HA and the redued Hamiltonian vetor eld XA on g
∗
are
HA(m) =
1
2
(m,A−1m), XA(m) = ad
∗
A−1mm, m ∈ g
∗
where A : u 7→< u, · >e is alled the inertia operator.
Example 2.2 (The rigid body). Euler equations of motion of a rigid body:
ω˙1 =
I2 − I3
I1
ω2ω3, ω˙2 =
I3 − I1
I2
ω1ω3, ω˙3 =
I1 − I2
I3
ω1ω2
are the basi example of Euler equations. In that ase, the group G is the rotation group
SO(3). The Lie-Poisson braket on so(3)∗ ≃ R3 is given by
{f, g} (m) = m · (grad f(m) ∧ grad g(m)), f, g ∈ C∞(R3),
and the Hamiltonian is
H(m) = I−11 m
2
1 + I
−1
2 m
2
2 + I
−1
3 m
2
3,
where I1, I2, I3 are the prinipal moments of inertia of the rigid body and mk = Ikωk.
4
Here, dmf , the dierential of a funtion f ∈ C∞(g∗) at m ∈ g∗ is to be understood as an element of the
Lie algebra g.
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3. Poisson brakets in funtional spaes
Several authors have tried to extend the notion of Poisson brakets to funtional spaes in
order to study evolution equations, see [20℄ for an exellent overview of the subjet. There are
however serious diulties to handle when one enters into the details of these onstrutions
as was pointed out in [21, 22, 23, 24, 25℄.
In this setion, we will review some of these diulties. We onsider Poisson brakets
for smooth funtionals dened on the the spae C∞(M) of smooth funtions on a manifold
M or more generally on the spae of smooth setions Γ(E) of a vetor bundle over M (for
simpliity, we will suppose that M is the losure of an open subset of the Eulidean spae
R
n
with smooth boundary).
3.1. Diretional derivative versus variational derivative. Let F be a smooth real fun-
tion on some Fréhet vetor spae C∞(M,E) where E is a nite dimensional vetor spae.
The diretional derivative or Fréhet derivative of F at u in the diretion X ∈ C∞(M,E) is
dened as
DXF (u) =
d
dε
∣∣∣∣
ε=0
F (u+ εX).
In general, the diretional derivative X 7→ DXF (u) of a smooth funtional F is nothing more
than a ontinuous linear funtional on C∞(M,E). Sometimes, this linear funtional an be
represented as
DXF (u) =
∫
M
δF
δu
(u) ·X dV, ∀X ∈ C∞(M,E)
where
u 7→
δF
δu
(u),
is a smooth map (vetor eld) from C∞(M,E) to C∞(M,E). The vetor eld δF/δu is
unique and we all it the L2 gradient of F .
There is another notion of derivative, whose origin omes from variational alulus
DF (u).δu =
d
dε
∣∣∣∣
ε=0
F (u+ εδu)
where the variation δu has ompat support and is subjet to various boundary onditions.
We all it the variational derivative of F . At rst, it seems that the two denitions are the
same. Of ourse, this is the ase ifM is a ompat manifold without boundary, but in general
it is not.
A funtion F on C∞(M,E) is alled a loal funtional if
F (u) =
∫
M
f(x, u(r)) dV
depends of u through a smooth funtion f (the Lagrangian density of F ) whih depends only
on x and the r-jet of u up to a ertain order r. In that ase, the Fréhet derivative of F is
DδuF (u) =
d
dε
∣∣∣∣
ε=0
F (u+ εδu) =
∫
M
∑
J,k
∂Jf
∂uJk
(x, u(r)) δu
(J)
k (x) dV
where u1, . . . , up are the omponents of u and
u
(J)
k =
∂|J |uk
∂j1x1 · · ·∂jnxn
, |J | = j1 + · · ·+ jn.
6 B. KOLEV
Using the Leibnitz rule repeatedly [20℄, we an show that∑
J,k
∂Jf
∂uJk
(
x, u
(J)
k (x)
)
δu
(J)
k =
∑
k
Ek(f) δuk + divP
where Ek is the Euler operator dened by
Ek =
∑
J
(−D)J
∂
∂uJk
, (−D)J = (−Dj1) · · · (−Djn),
P is a (funtional) vetor eld
P (x, u(s)) =
(
P1(x, u
(s)), . . . , Pn(x, u
(s))
)
and the divergene of P is dened by
divP = D1P1 +D2P2 + · · ·+DnPn,
where Di = d/dx
i
is the total derivative with respet to xi.
Therefore, the variational derivative of a loal funtional F an always be put in a gradient
form
DF (u).δu =
∫
M
δF · δu dV
where
δF = (E1(f), . . . ,Ep(f)).
However, when the manifold M has non-empty boundary, the variational derivative and
the Fréhet derivative may dier by a boundary term. A loal funtional does not have
neessarily a L2 gradient relatively to its Fréhet derivative.
Example 3.1. This may happen for instane for a loal funtional given by
F (u) =
∫
M
divP dV =
∫
∂M
P · n dS
The variational derivative of F is identially zero but the Fréhet derivative of F has no
reason to vanish and annot be put into L2 gradient form. This problem arises beause in
the denition of the Fréhet derivative we allow all smooth variations whereas in the denition
of the variational derivative we allow only variations subjet to boundary onditions.
A Poisson braket {F,G } is rst of all a bilinear map depending on the rst derivative of
F and G. Contrary to the nite dimensional ase, it seems extremely diult to dene a
tratable Poisson braket on the set of all funtionals. The reasonable thing is to restrit the
denition of the braket to a sublass of funtionals. For instane, in the formal variational
alulus [20℄, a Poisson braket is dened on the sublass of loal funtionals through a
bilinear map on their variational derivatives but this braket appears to be dened up to
divergene terms. When the manifold is ompat without boundary this may lead to a
oherent Poisson braket but when the manifold has non-empty boundary some diulties
arise.
Example 3.2 (The Gardner braket). It was disovered by Gardner, [11℄, that the Korteweg-de
Vries equation
ut = uxxx + uux
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an be written as a Hamiltonian equation using the braket
{F,G }(u) =
∫
S1
δF
δu
Dx
δG
δu
dx.
and the Hamiltonian
H(u) =
∫
S1
(
−
1
2
u2x +
1
6
u3
)
dx.
3.2. Closure of the Poisson braket and Jaobi identity. As we have just seen, there is
no well-dened Poisson braket on the spae of all smooth funtionals. The known brakets
are dened on a sublass A of funtionals, alled admissible funtionals.
When the manifold M is ompat without boundary, it is possible to hoose for A the
whole spae of loal funtionals. We may then dene a Poisson braket {F,G } on A using
an expression like
{F,G } =
∫
M
δF
δu
P
δG
δu
dV
where P is a linear dierential operator (with may depend of the r-jet of u), as in the
Gardner braket. This gives us a well-dened bilinear map
A×A → A
sine the expression we have for {F,G } is itself a loal funtional.
WhenM has non-empty boundary this is not suient and some other boundary onditions
have to be introdued (see Setion 5). Now this leads to an immediate other question: If F
and G satisfy this boundary onditions, is this true for {F,G }? In other words is the lass
A of admissible funtionals (verifying the boundary onditions) losed under the braket ?
As we shall see this is not at all obvious.
Finally and last but not least, if all these required onditions are satised, we have to hek
that the braket veries the Jaobi identity
{{F,G }, H }+ {{G,H }, F }+ {{H,F }, G } = 0.
This last veriation an be very tedious but the real diulty remains however the losure
of the braket.
3.3. Hamiltonian strutures. All these onsiderations lead us to introdue the following
sheme to dene a Poisson braket on a funtional spae. First dene a subspae A of
smooth funtionals (loal funtionals for instane, if ∂M = ∅, or loal funtionals with some
boundary onditions otherwise). Then we introdue the following denition of a Hamiltonian
struture
5
on A.
Denition 3.3. A Hamiltonian struture on A is a bilinear operation {·, · } on A suh that
for any F,G,H ∈ A we have:
(1) {F,G } ∈ A,
(2) {G,F } = −{F,G },
(3) {{F,G }, H }+ {{G,H }, F }+ {{H,F }, G } = 0.
Remark 3.4. Notie that the Leibnitz rule has been eliminated from the denition of a Hamil-
tonian struture. In fat, there is no well-dened ommutative produt on loal funtionals.
5
The terminology Hamiltonian struture is ommonly used instead of Poisson struture for funtional
spaes.
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In the following setions, we review some well-known brakets that have been proposed in
the literature (see also [15, 8℄).
4. The Lie-Poisson braket on Vect∗(S1)
In this setion we will onsider the Lie-Poisson braket on the dual of the Lie algebra of
smooth vetor elds on the irle Vect(S1) ≃ C∞(S1). Reall that the anonial Lie-Poisson
struture on the dual g
∗
of a Lie algebra g is given by
{F,G }(m) = −m ([dmF, dmG]) .
To give a sense to this expression, we have rst to dene an injetion from g to g
∗
.
4.1. The regular dual. Sine the topologial dual of the Fréhet spae Vect(S1) is too big
and not tratable for our purpose, being isomorphi to the spae of distributions on the irle,
we restrit our attention in the following to the regular dual g
∗
, the subspae of Vect∗(S1)
dened by linear funtionals of the form
u 7→
∫
S1
mudx,
for some funtion m ∈ C∞(S1). The regular dual g∗ is therefore isomorphi to C∞(S1) by
means of the L2 inner produt6
< u, v >=
∫
S1
uv dx.
4.2. Loal funtionals. A loal funtional F on Vect∗(S1) ≃ C∞(S1) is given by
F (m) =
∫
S1
f(x,m,mx, . . . , m
(r)
x ) dx.
Sine there are no boundary terms, its funtional derivative DF (m) is equal to its variational
derivative
DF (m).δm =
∫
S1
δF
δm
δmdx, m ∈ C∞(S1).
where
δF
δm
=
r∑
j=0
(−Dx)
j ∂f
∂mj
.
The map m 7→ δF/δm an be onsidered as a vetor eld on C∞(S1), alled the gradient of
F for the L2-metri. In other words, a loal funtional on C∞(S1) has a smooth L2 gradient.
6
In the sequel, we use the notation u, v, . . . for elements of g and m,n, . . . for elements of g∗ to distinguish
them, although they all belong to C∞(S1).
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4.3. Hamiltonian strutures on the regular dual. To dene a Poisson braket on the
spae of loal funtions on Vect∗(S1), we onsider a one-parameter family of linear operators
Pm (m ∈ C∞(S1)) whose oeients are smooth funtion of x, m and a nite number of its
derivatives and set
(5) {F,G }(m) =
∫
S1
δF Pm δG dx.
where δF and δG stand here for the variational derivatives δF/δm and δG/δm. The operators
Pm must satisfy ertain onditions in order for (5) to be a valid Hamiltonian struture on the
set A of loal funtionals on the regular dual Vect∗(S1). First it must be a skew-symmetri
operator (relatively to the L2 inner produt).∫
S1
δF Pm δG dx = −
∫
S1
δGPm δF dx, ∀F,G ∈ A.
Sine the expression for {F,G } is a loal funtional, the lass of loal funtional is losed
under this bilinear operation. Therefore we need only a riteria on P to ensure that Jaobi
identity is satised, in order to obtain a Hamiltonian struture.
Lemma 4.1. The Jaobi identity for (5) is equivalent to the ondition
(6) 	
∫
S1
δF (DPδHP ) δG dx = 0
for all F,G,H ∈ A where 	 indiates the sum over yli permutations of F,G,H and DδmP
is the Fréhet derivative of P in the diretion δm.
Remark 4.2. Notie rst that sine P is a linear dierential operator whose oeients are
smooth funtions of x,m,mx, . . . , the Fréhet derivative of P in the diretion δm is just
the linear dierential operator obtained by replaing the oeients of P by their Fréhet
derivatives in the diretion X . Sine P is assumed to be skew-symmetri, so is DδmP .
Proof. We already know that {F,G } is a loal funtional and hene its variational derivative
δ{F,G } is an L2 gradient for {F,G }, that is
Dδm{F,G } =
∫
S1
δ{F,G } δmdx.
By denition of the braket, we have
{{F,G }, H } =
∫
S1
δ{F,G }PδH dx = DPδH{F,G }.
Using the fat that the seond Fréhet derivative is a symmetri operator and the fat that
P is skew-symmetri, we get
Dδm{F,G } =
∫
S1
[(DδmδF )PδG− (DPδF δG) δm+ δF (DδmP ) δG] dx
and hene
{{F,G }, H } =
∫
S1
[(DPδHδF )PδG− (DPδF δG)PδH + δF (DPδHP ) δG] dx.
Taking the sum over yli permutations of F,G,H , the two rst terms of the right hand
side of the last equation anel and we obtain the equivalene of Jaobi identity with (6),
whih ends the proof. 
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To hek (6) is still tedious in pratie. Following Olver [20℄, it is preferable to use the teh-
nique of funtional bivetors, whih generalizes the notion of Poisson bivetors and Shouten-
Nijenhuis brakets. First, given a funtional density f(x,m(r)), dene
θ(f) = f, θx(f) = Dxf, θxx(f) = D
2
xf, . . .
where Dx stands for the total derivative relative to x. Extending the ation of the dierential
operator P on θ in an obvious way, we an write
{F,G } =
1
2
∫
S1
{θ(δF )(Pθ)(δG)− θ(δG)(Pθ)(δF )} dx =
1
2
∫
S1
(θ ∧ Pθ)(δF, δG) dx
so that
Θ =
1
2
∫
S1
{θ ∧ Pθ} dx
appears as the analogue of the Poisson bivetor for nite dimensional Poisson brakets.
Example 4.3. For the Gardner braket we have
Θ =
1
2
∫
S1
{θ ∧ θx} dx.
Proposition 4.4 (Olver [20℄). A skew-symmetri linear dierential operators P (with oef-
ients depending on x, m, mx, ...) denes a Hamiltonian struture on the spae A of loal
funtionals on Vect∗(S1) if and only if it satises∫
S1
{θ ∧ (DPθP ∧ θ)} dx = 0.
Remark 4.5. Notie that the preeding expression is an alternatinng trilinear expression on
funtional densities. Note also that the two wedges have dierent meanings. The rst one
orresponds to wedging the ordinary multipliation of two funtional densities whereas the
seond one is the wedging relative to the non-abelian bilinear operation (f, g) 7→ (DPfP ) g.
Proof. Let F,G,H be loal funtionals and δF, δG and δH their variational derivatives. Then
1
2
∫
S1
{θ ∧ (DPθP ∧ θ)} (δF, δG, δH)dx =	
∫
S1
δF (DPδHP ) δG dx.
Hene the proposition is just a orollary of lemma 4.1. 
Example 4.6. The Gardner braket or more generally the braket obtained from a skew-
symmetri dierential operator P with onstant oeients satises the Jaobi identity sine
the Fréhet derivative of suh operators in any diretion is zero and hene DPθP = 0.
Example 4.7. The anonial Lie-Poisson struture on Vect∗(S1) is given by
(7) {F,G }(m) =
∫
S1
m [δF, δG] = −
∫
S1
δF (mD +Dm) δG dx
It is represented by the skew-symmetri operator
P = − (mD +Dm) = − (2mD +mxI)
where D = d/dx. We get
DPθP = (4mθx + 2mxθ)D + (2mθxx + 3mxθx +mxxθ) I.
hene
DPθP ∧ θ = 2mxθ ∧ θx + 2mθxx ∧ θ + 3mxθx ∧ θ
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and
θ ∧ (DPθP ∧ θ) = 0.
Example 4.8 (Burgers equation). The invisid Burgers equation
ut = −3uux
an be written as an Euler equation on Vect∗(S1) with the Lie-Poisson braket (7). It
orresponds to the inertia operator m = Au = u and Hamiltonian
H(m) =
1
2
∫
S1
m2 dx.
Example 4.9 (Camassa-Holm equation). The Camassa-Holm equation [4℄
ut − utxx + 3uux − 2uxuxx − uuxxx = 0
an be written as an Euler equation on Vect∗(S1) with the Lie-Poisson braket (7). It
orresponds to the inertia operator m = Au = u− uxx and Hamiltonian
H(m) =
1
2
∫
S1
mudx,
f. [19℄ - see also the disussion in [7℄.
Notie however that H is not a loal funtional of m sine it depends on m by the inter-
mediary of the non loal operator A−1. To overome this diulty, one may try to extend
the Hamiltonian struture (7) for funtionals whih are loal expressions x, u, ux, m,mx, . . .
where u = A−1m rather than x,m,mx, . . . . But this spae of funtionals is not losed under
the preeding braket and the spae of funtionals generated by suessive brakets of suh
funtionals seems tedious to desribe.
In that ase however, it is possible to overome these diulties by extending the Hamil-
tonian struture to the whole spae of smooth funtionals whih have a L2 smooth gradient,
that is
DδmF (m) =
∫
S1
δF (m) δmdx
where m 7→ δF (m) is a smooth smooth map from C∞(S1) to C∞(S1). The rst two axioms
whih dene a Hamiltonian struture are veried. Indeed, the braket of two suh funtionals
has itself a smooth gradient, namely
δ{F,G } = DPδF δG−DPδG δF + δGDxδF − δF DxδG.
Finally, Jaobi identity is also veried for this extension. In fat, Lemma 4.1 and Proposi-
tion 4.4 are still valid for those more general funtionals.
5. Poisson brakets for ideal fluids in a fixed domain
Let Ω be a relatively ompat domain in R2 or R3 with a smooth boundary. We let
SDiff(Ω) be the group of volume-preserving smooth dieomorphisms of Ω and SVect(Ω) the
Lie algebra of divergene-free vetor elds on Ω, tangent to the boundary, whih an be
interpreted as the Lie algebra of SDiff(Ω). In a famous artile [2℄, Arnold showed that the
Euler equations of perfet inompressible uid ows in a xed domain
(8)
∂u
∂t
+∇uu = − grad p, div u = 0, u · n = 0 on ∂Ω
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ould be interpreted as a the Euler equation of the right-invariant (weak) Riemannian metri
(9) < uϕ, vϕ >=
∫
Ω
uϕ · vϕ dV
where uϕ, vϕ are vetor elds over ϕ ∈ SDiff(Ω) (Lagrangian veloities).
The regular dual of SVect(Ω), noted SVect∗(Ω), onsists of linear funtionals on SVect(Ω)
with smooth density α ∈ Ω1(Ω)
u 7→
∫
Ω
α(u) dV.
Sine exat one-forms are L2-orthogonal to divergene-free vetor elds, a one-form α ∈ Ω1(Ω)
represents an element of SVect∗(Ω) only up to total dierential. Eah element of SVect∗(Ω)
is therefore represented by a lass [α] in Ω1(Ω)/dΩ0(Ω). If moreover, Ω is a simply onneted
domain, Ω1(Ω)/dΩ0(Ω) is isomorphi to dΩ1(Ω) via the exterior derivative d and the lass
[α] is ompletely represented by the two-form ω = dα, alled the vortiity.
5.1. Arnold braket. The braket, now known as Arnold braket, is dened for smooth
funtionals F on SVect∗(Ω) whose Fréhet derivative an be written as
(10) D[δα]F (ω) =
∫
M
δα
(
δF
δω
)
dV where
δF
δω
∈ SVect(Ω),
in other words, for those funtionals whih have a L2 gradient in the Lie algebra SVect(Ω).
It is given by the formula
7
(11) {F,G }(ω) = −
∫
M
α
([
δF
δω
,
δG
δω
])
dV =
∫
M
ω
(
δF
δω
,
δG
δω
)
dV.
Proposition 5.1. The braket dened by equation (11) is a valid Hamiltonian struture on
the spae of smooth funtionals on SVect∗(Ω) whih have a smooth gradient in SVect(Ω).
Proof. We have to hek the three properties of Denition 3.3. Expression (11) is learly
skew-symmetri. To show that the braket is losed, we reall rst that the symmetry of the
seond Fréhet derivative leads to∫
Ω
δα
(
D[δβ]δF
)
dV =
∫
Ω
δβ
(
D[δα]δF
)
dV
for every admissible funtional F . From this property, we dedue that for every admissible
funtion F and G, we have
D[δα]{F,G }(ω) =
∫
Ω
δα
(
D[iδFω]δG−D[iδGω]δF − [δF, δG]
)
dV,
that is {F,G } is also admissible with gradient
δ{F,G } = D[iδFω]δG−D[iδGω]δF − [δF, δG] .
It remains to hek Jaobi identity. We an write
{F,G }(ω) =
∫
Ω
δF (ω) · Pω δG(ω) dV
7
The equality of the two formulations results from
dα(u, v) = u · gradα(v)− v · gradα(u)− α([u, v]).
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where
Pω : SVect(Ω) → SVect(Ω), u 7→ −Proj (iuω)
and Proj is the projetion from Ω1(Ω) onto SVect(Ω), whih assoiates to a one-form α the
unique divergene free vetor eld v, tangent to the boundary, suh that∫
Ω
α(w) dV =
∫
Ω
v · w dV, ∀w ∈ SVect(Ω).
With these notations, we get as in Lemma 4.1
	 {{F,G }, H } = − 	
∫
Ω
[δF, δG] · PδH dV
=	
∫
Ω
ω(δH, [δF, δG]) dV
= − 	
∫
Ω
α([δH, [δF, δG]]) dV = 0
where ω = dα. 
5.1.1. Euler-Helmholtz equation. Arnold's braket (11) an be used to interpret Euler's equa-
tions of perfet inompressible uid ows (8) in their Helmholtz or vortiity representation
(12) ∂tω = curl(u× ω), ω = curl u
as the Euler equation of the L2 metri (9).
Reall that the url of a vetor eld u is dened as the unique vetor ω suh that
iω vol = du
♭
where u♭ is the ovariant representation of u. Therefore, SVect∗(Ω), the spae of exat two-
forms an be identied with the spae of urls and the inertia operator of the L2 metri (9)
an be desribed as
A : SVect(Ω) → SVect∗(Ω), u 7→ curl u.
This operator is invertible. Let ω ∈ SVect∗(Ω) be a url. Then u = A−1ω is the unique
solution of the problem
curl u = ω, div u = 0, u · n = 0 on ∂Ω.
The Hamiltonian is given by
H(ω) =
1
2
∫
Ω
∥∥u2∥∥ dV, u = A−1ω.
We have
D[δα]H(ω) =
∫
Ω
u · δu dV, δα = (δu)♭
and hene H is an admissible funtional with gradient
δH(ω) = u = A−1ω.
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Euler equation F˙ = {F,H }, for all admissible funtional8 F gives∫
Ω
∂tu · δF dV =
∫
Ω
ω · (δF × u) dV =
∫
Ω
δF · (u× ω) dV,
that is
∂tu = u× ω, modulo a gradient
and taking the url, we get
∂tω = curl(u× ω).
Remark 5.2. We ould have restrited the denition of Arnold's Poisson braket for loal
funtionals whih have a L2 gradient. In fat this spae is losed under the braket. But this
would not have permitted us to treat the hydrodynami problem sine the Hamiltonian is
not a loal funtional (see Example 4.9 for a similar situation in dimension 1).
Remark 5.3. In several papers, the Arnold braket is written as
{F,G }(u) =
∫
Ω
curl u ·
(
δF
δu
×
δG
δu
)
dV.
for smooth funtionals with smooth L2 gradient on the Lie algebra SVect(Ω) rather than
SVect∗(Ω). This is just the pullbak of (11) by the inertia operator A. The fat that this
braket preserves the spae of funtionals whih have a L2 gradient is less obvious to see in
this expression beause of the term curl u whih leads to an integration by parts, but in fat
it works. The advantage of using variables u instead of ω is that the Hamiltonian beomes a
loal funtional in these variables. In that ase, the Hamiltonian equation, F˙ = {F,H } for
all admissible F , leads diretly to equations (8).
Remark 5.4. A third interpretation of Arnold braket was given in [20℄. It is dened, in the
ontext of formal variational alulus (where boundary terms are ignored) for loal funtion-
als on SVect∗(Ω). The gradient of a funtional F is dened here as
DF (ω).δω =
∫
Ω
δF
δω
· δω dV
where the gradient, δF/δω is a divergene free vetor eld and the variation δω is assumed to
vanish on the boundary. Notie that the denition of the gradient given here is quiet dierent
from the previous denition (10). Indeed the two denitions dier through a boundary term∫
Ω
δF
δω
· δω dV =
∫
Ω
δα
(
curl
δF
δω
)
dV +
∫
∂Ω
(
δF
δω
× δu
)
· n dS
where δω = curl δu and δα = (δu)♯. Therefore we annot onlude that both Poisson
struture are rigorously equivalent.
For two-dimensional ows, the Hamiltonian operator P is represented as
P = ωxDy − ωyDx
8
Eah vetor eld u ∈ SVect(Ω) an be realized as the gradient of an admissible funtional, namely of the
linear funtional
F (ω) =
∫
Ω
α(u) dV, dα = ω.
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and the gradient of the Hamiltonian
H(ω) =
1
2
∫
Ω
∥∥u2∥∥ dV, u = A−1ω.
δH/δω is the stream funtion ψ of the veloity u. It was shown in [20℄ that in this ontext, the
Jaobi identity was satised and that the Hamiltonian equation F˙ = {F,H } was equivalent
to Euler-Helmholtz equation (12). We insist on the fat that the omputations whih leads
to these results relies on the vanishing of the variations on the boundary.
5.1.2. Enstrophy. This Poisson braket (11) has been rejeted by the authors in [17℄ beause
for two-dimensional ows, the generalized enstrophy funtional
C(ω) =
∫
Ω
φ(ω) dx ∧ dy
whih is known to be invariant under the oadjoint ation of SDiff(Ω) on SVect∗(Ω) is not a
Casimir funtion for this braket. Indeed
D[δα]C(ω) =
∫
Ω
δα
(
curl(φ′(ω)kˆ)
)
dx ∧ dy +
∮
∂Ω
φ′(ω)δα
has some boundary terms and is therefore not an admissible funtional for (11).
5.2. Seond LMMR braket. Sine Casimir funtions play a fundamental role in the
study of stability of two-dimensional ows as it has been shown in [1℄, the authors in [17℄
have proposed to improve the denition of Arnold's braket by taking into aount boundary
terms so that the enstrophy beomes a Casimir funtion.
They have derived this braket using the same redution proess whih has been used for
Arnold's braket. The dierene lies in a dierent hoie of admissible funtionals.
The starting point is the Lagrangian desription of the problem. For an inompressible
uid moving in a xed domain Ω, the onguration spae is the group of volume-preserving
dieomorphisms SDiff(Ω). The phase spae, T ∗SDiff(Ω) has to be understood as the set of
pairs (ϕ, µ) where ϕ ∈ SDiff(Ω) is the base point and µ is a one-form over ϕ (i.e. for eah
x, µ(x) ∈ T ∗ϕ(x)Ω).
The lass of admissible funtionals F , previously limited to smooth funtionals whih have
smooth L2 gradient, is now extended to ones whose gradients an be written as
δF
δϕ
=
δ∧F
δϕ
+ δ∂Ω
δ∨F
δϕ
,
δF
δµ
=
δ∧F
δµ
+ δ∂Ω
δ∨F
δµ
,
where δ∂Ω is the Dira measure on Ω onentrated on ∂Ω
9
. A Poisson braket an be dened
for those funtionals using the formal anonial braket on T ∗SDiff(Ω)
{F,G } =
∫
Ω
(
δF
δϕ
δG
δµ
−
δG
δϕ
δF
δµ
)
dV
provided that the boundary ondition
(13)
δ∨F
δϕ
δ∨G
δµ
−
δ∨G
δϕ
δ∨F
δµ
= 0
is satised to avoid squares of delta funtions.
9
Notie however that this deomposition is not unique.
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The Lie-Poisson redution of the phase spae T ∗SDiff(Ω) by the gauge group SDiff(Ω)
(orresponding to relabeling uid partiles) leads to the Seond LMMR braket [17℄ dened
for funtionals on Vect∗(Ω) whose Fréhet derivative an be written as
DF (u).δu =
∫
Ω
δ∧F
δu
· δu dV +
∫
∂Ω
δ∨F
δu
· δu dS
The expression for the resulting braket is quite ompliated and will not be given here. It
must be stated, however that this braket is well-dened for a pair of admissible funtionals
(F,G) only if ondition (13) is satised. This will be the ase if one if one of the funtionals F
or G satisfy δ∨F/δu = 0. It was shown in [17℄ that for two-dimensional ows, the generalized
enstrophy was a Casimir funtion for this braket in the sense that {C, F } = 0 for all
funtions admissible funtion F suh that δ∨F/δu = 0.
We will not try to hek that this seond LMMR braket is a valid Hamiltonian struture.
The denition of this braket {F,G } requires the ondition (13) on the pair of funtionals
(F,G) to be satised. But this latest ondition onerns the pair (F,G) and not eah of
the funtionals F,G alone. Therefore, it is not lear on whih sublass of funtionals is this
braket dened.
5.3. Soloviev braket. In a series of papers, [21, 24, 25℄, Soloviev tried to dene a Poisson
braket for loal funtionals whih avoids this tedious boundary ondition (13). The idea
introdued in [21℄ is to dene a braket involving not only the "rst gradient" (the fator
of δu) but the omplete set of "higher order gradients" (the fator of (δu)(J)) of a loal
funtional.
Using the Leibnitz rule but making no integration by parts, we an write the Fréhet
derivative of a loal funtional F as
DF (u).δu =
∫
Ω
∑
J,k
∂Jf
∂uJk
(
x, u(r)
)
δu
(J)
k (x) dV =
∫
Ω
∑
J,k
DJ
(
EJk (f)δuk
)
dV
where the higher Eulerian operators
10 EJk are dened by
EJk (f) =
∑
K⊃J
(
K
J
)
(−D)K\J
∂f
∂u
(K)
k
,
the binomial oeients for multi-indies are(
K
J
)
=
(
k1
j1
)
· · ·
(
kr
jr
)
and
(−D)K = (−1)
|K|DK .
The following formula was derived by Soloviev in [21℄ to dene a Poisson braket on the lass
of all loal funtionals
{F,G } =
∑
J,K
∑
p,q
∫
Ω
DJ+K
(
EJp (f)IpqE
K
q (g)
)
dV
where the operator Ipq are subjet to ertain onditions to satisfy Jaobi identity.
10
Notie that all the sums are nite sine only a nite number of derivatives appear in all these formula.
The zero order higher Eulerian operator E0
k
is just the ordinary Euler operator Ek.
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Example 5.5. In [24℄, this method was illustrated for the formulation of Arnold's braket
presented in Remark 5.4 for 2 dimensional ows. The antisymmetri operator I was given
in this ase by
I = θ(ωxDy − ωyDx) +
1
2
(Dyθωx −Dxθωy),
where the derivative of the harateristi funtion θ = θΩ has to be understood in the sense of
distributions using ertain rules [24℄. It was shown that, up to these rules, we obtain a valid
Poisson struture. There is however one objetion on this example: up to my understanding,
Soloviev's formalism was developed for loal funtionals but the Hamiltonian giving rise to
the Euler equations in this ase is
H(ω) =
1
2
∫
Ω
‖u‖2 dS, ω = curl u,
whih is not a loal funtional of the variable ω.
6. Poisson brakets for ideal fluids with a free boundary
In 1968, Zakharov [27℄ showed that Euler's equations for irrotational gravity waves ould
be written as a anonial Hamiltonian system. The Hamiltonian is
H =
1
2
∫∫∫
D
(gradϕ)2 dV +
1
2
λ
∫∫
R2
ζ2(x, y, t) dS.
The Poisson brakets impliit in Zakharov's observation are the anonial brakets
{F,G } =
∫∫
R2
(
δF
δϕ
δG
δζ
−
δF
δζ
δG
δϕ
)
dS;
the Hamiltonian ow is then the anonial ow
ζt =
δH
δϕ
, ϕt = −
δH
δζ
.
The Hamiltonian H is regarded as a funtional of (ϕ˜, ζ) where ζ = ζ(x, y, t) is the height
of the free surfae, and ϕ˜ = ϕ|∂D is the trae of the harmoni funtion ϕ on the free surfae,
with ∂nϕ = 0 on the bottom. The evolution takes plae in the spae of harmoni funtions
on D. Zakharov's result is veried by alulating the gradients of H with respet to ζ and
ϕ.
In [17℄, a generalization of this Hamiltonian struture was proposed for inompressible uid
ows with possible vortiity. It is however no longer a anonial struture. The approah
used in [17℄ to derive a Hamiltonian struture is essentially the same as the one used to
derive Arnold's braket (xed domain): using a Poisson redution proess of the anonial
sympleti struture on the phase spae by the gauge group (relabelling of partiles). The
main dierene is that in the free boundary ase, the gauge group no longer ats transitively
on the onguration spae (the spae of embeddings of a referene domain in R
n
).
6.1. First LMMR braket. This struture, known as the rst LMMR braket is dened
on the spae of pairs (v,Σ), where Σ is the free surfae and v is the spatial veloity eld,
a divergene free vetor eld dened on DΣ, the region bounded by Σ. The surfae Σ is
assumed to be ompat and dieomorphi to the boundary of a referene region D.
The lass A of funtionals F : N → R on whih this braket is dened is formed by
funtionals with the following properties:
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(1) A variation δv is just a divergene free vetor eld on DΣ and we assume that there
exists a divergene free vetor eld δF/δv dened on DΣ suh that for all variations
δv:
DvF (v,Σ) · δv =
∫
DΣ
δF
δv
· δv dV
where DvF is the derivative of F holding Σ xed.
(2) A variation δΣ, whih is a funtion on Σ, has to be understand as an innitesimal
variation of Σ in its normal diretion. Sine only volume preserving variations are
allowed, δΣ has zero integral over Σ. We assume that there exists a smooth funtion
δF/δΣ suh that for all variations δΣ:
DΣF (v,Σ) · δΣ =
∫
Σ
δF
δΣ
δΣ dS
where DΣF is the derivative of F holding v onstant
11
.
The Poisson braket on funtions F,G ∈ A is dened by
{F,G } =
∫
DΣ
ω ·
(
δF
δv
×
δG
δv
)
dV +
∫
Σ
(
δF
δΣ
δG
δφ
−
δG
δΣ
δF
δφ
)
dS
where ω = curl v and
δF
δφ
=
δF
δv
∣∣∣∣
Σ
· n.
This last term orresponds to the variational derivative of F taken with respet to variations
of v by potential ows.
It has been heked in [17℄ that the Hamiltonian equation F˙ = {F,H } is equivalent to the
equations of a liquid drop
∂v
∂t
+∇vv = − grad p,
∂Σ
∂t
= v · n, div v = 0, p|Σ = τκ,
where κ is the mean urvature of the surfae Σ and τ is the surfae tension. The Hamiltonian
is taken to be
H(v,Σ) =
1
2
∫
DΣ
‖v‖2 dV + τ
∫
Σ
dS.
However this braket does not dene a valid Hamiltonian struture sine it is not losed.
To show that, we will ompute the braket of two spei admissible funtionals and show
that the braket is not an admissible funtional. Let
F (v,Σ) =
1
2
∫
DΣ
f(‖v‖2) dV, G(v,Σ) =
1
2
∫
DΣ
g(‖v‖2) dV,
where f and g are smooth real funtions. Those funtionals are admissible and we have
δF
δv
= Xf ,
δF
δΣ
=
1
2
f(‖v‖2)|Σ,
δG
δv
= Xg,
δG
δΣ
=
1
2
g(‖v‖2)|Σ,
where Xf (resp. Xg) is the (L
2
)-orthogonal projetion of the vetor eld f ′(‖v‖2)v (resp.
g′(‖v‖2)v onto the spae of divergene free vetor elds.
Proposition 6.1. {F,G } is not an admissible funtion.
11
This denition requires us to extend smoothly v in a neighborhood of Σ. One an hek that δΣ is
independent on the way v is extended and that it is determined up to an additive onstant.
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Proof. We have
H(v,Σ) = {F,G }(v,Σ)
=
∫
DΣ
curl v · (Xf ×Xg) dV +
1
2
∫
Σ
{
f(‖v‖2)(Xg · n)− g(‖v‖
2)(Xf · n)
}
dS
=
∫
DΣ
curl v · (Xf ×Xg) dV +
∫
DΣ
{
f ′(‖v‖2)(v ·Xg)− g
′(‖v‖2)(v ·Xf)
}
dV.
Let's denote the rst integral in this expression by H1 and the seond one by H2. We have
DvH2 · δv =
1
2
∫
DΣ
{(∂2f
∂v2
· δv
)
·Xg −
(
∂2g
∂v2
· δv
)
·Xf
+
∂f
∂v
· (DvXg · δv)−
∂g
∂v
· (DvXf · δv)
}
dV
whih an be rewritten as
DvH2 · δv =
1
2
∫
DΣ
{(∂2f
∂v2
·Xg
)
· δv −
(
∂2g
∂v2
·Xf
)
· δv
+ (DvXg ·Xf) · δv − (DvXf ·Xg) · δv
}
dV,
using the property of symmetry of seond Fréhet derivative. That is the partial Fréhet
derivative of H2 relative to v admit a gradient. Therefore, this will be the ase for H if and
only if this is true for H1. We have
DvH1 · δv =
∫
DΣ
curl(δv) · (Xf ×Xg) dV
+
∫
DΣ
curl v · ([DvXf · δv]×Xg) dV +
∫
DΣ
curl v · (Xf × [DvXg · δv]) dV.
In this expression, the last two terms are of gradient type beause of the symmetry of the
seond Fréhet derivative. The rst term an be rewritten as∫
DΣ
{δv · curl(Xf ×Xg) + div(δv × (Xf ×Xg))} dV,
whih is denitely not of gradient type beause of the divergene term. This ahieves the
proof that {F,G } is not an admissible funtion. 
Remark 6.2. The seond LMMR braket presented in Setion 5.2 an also be dened for free
boundary problems with the same diulties, that is the neessity of a non trivial boundary
ondition in the denition of admissible funtionals. Is it possible to dene a usable and valid
braket for free boundary problems using the method of Soloviev ?
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